We study the behavior of the heat kernel of the Hodge Laplacian on a contact manifold endowed with a family of Riemannian metrics that blow-up the directions transverse to the contact distribution. We apply this to analyze the behavior of global spectral invariants such as the η-invariant and the determinant of the Laplacian. In particular we prove that contact versions of the relative η-invariant and the relative analytic torsion are equal to their Riemannian analogues and hence topological. arXiv:1912.02326v1 [math.DG] 5 Dec 2019 1 Since d 2 ε = 0 these operators satisfy the relations d 2 H = −LL R and [d H , L] = [d H , L R ] = [L, L R ] = 0.
Introduction
Sub-Riemannian geometry is a generalization of Riemannian geometry where distances are measured using curves that are tangent to a subbundle of the tangent bundle. Perhaps the best studied setting is that of a contact manifold M where the curves are required to be tangent to the contact distribution H ⊆ T M. As H is maximally non-integrable the Chow-Rashevskii theorem guarantees that any two points on M can be connected by a curve tangent to H [Mon02, Chapter 2] and so a bundle metric g H , known as a Carnot-Caratheodory metric, induces a distance d g H on M analogously to the Riemannian distance.
One natural approach to studying this sub-Riemannian geometry is through approximation: if g ε is a one-parameter family of Riemannian metrics, extending g H and blowing-up in the directions transverse to H as ε → 0, it was shown by Gromov [Gro96] that the metric spaces (M, d gε ) converge in the Gromov-Hausdorff sense to (M, d g H ). The behavior of the Hodge Laplacians of the metrics g ε was initiated by Rumin [Rum00] , following work of Ge on the scalar Laplacian [Ge93] , who showed that the those parts of the spectrum that have finite limits concentrate on the spectrum of their counterparts in the Rumin contact complex from [Rum94] ,
This complex is built from the de Rham complex and the contact structure of M ; here m = dim M is equal to 2n + 1, Ω q H (M ) is a quotient of Ω q (M ) if q ≤ n and a subspace otherwise, d H is a first order operator and D H is a second order operator. Interestingly this complex computes the singular cohomology of M, just as the de Rham complex does. Rumin's initial motivation was to obtain differential operators compatible with 'Heisenberg dilations' in which the H directions are scaled by λ and the complementary directions by λ 2 . Indeed the Hodge Laplacians of the Rumin complex are not elliptic in the usual sense of invertible principal symbols; however they have symbols 'Heisenberg calculus' that are invertible and as a result they are hypoelliptic operators.
Rumin points out in [Rum00] that the contact complex can be derived from a spectral sequence induced, e.g., by Heisenberg dilations. We study this spectral sequence using Hodge theoretic techniques following [MM90, For95] . In particular we obtain filtrations of the de Rham complex (really of a rescaling of the de Rham complex, see §2)
in which E p 2 is isomorphic to the Rumin complex, E p 4 corresponds to the null space of (d H + δ H ), and E p ∞ consists of the Rumin harmonic forms and so is finite dimensional and isomorphic to the singular cohomology H p (M ).
Rumin's approach in [Rum00] was to focus on the convergence of the resolvent of the Hodge Laplacians in the sub-Riemannian limit. They note that while their approach establishes convergence of appropriate heat kernels for large times, they do not apply to the shorttime behavior. In this article we establish the behavior of the heat kernel of the Hodge Laplacians for all time. Our approach follows Melrose's construction of the heat kernel (see [Mel93,  Chapter 7] and §4.1 below) in that we construct a manifold with corners on which the heat kernel is essentially smooth.
Theorem 1. Let M be a contact manifold with contact form θ, let J be an almost contact structure on H = ker θ such that g H (·, ·) = dθ(·, J·) is symmetric positive definite on H , and let
(1)
i) The heat kernels of the Hodge Laplacians ∆ ε , acting on differential forms of degree p / ∈ {n, n + 1} are I-smooth (i.e., polyhomogeneous, see §3) on a manifold with corners H out sR X with boundary hypersurfaces capturing the asymptotics as t → 0 with ε bounded, as t → 0 like ε 2 , and as ε → 0 with t bounded.
For differential form degrees p ∈ {n, n + 1}, the same is true for ε −2 ∆ ε with boundary hypersurfaces capturing the asymptotics as t → 0 with ε bounded, as t → 0 like ε 4 , as t → 0 like ε 2 , and as ε → 0 with t bounded. ii) For differential forms of degree p / ∈ {n, n + 1}, the asymptotics of the trace of the heat kernels of the Hodge Laplacians take the form
as ε → 0, t > 0, where a k and A k are local (i.e., they are integrals of universal polynomials in the local invariants of the metric), and Π E p 2 denotes the orthogonal projection onto E p 2 . For differential forms of degree p ∈ {n, n + 1}, we have
as ρ 2 = √ t + ε 2 → 0,
where a k , A k , and B k are local, Π E p 2 \E p 4 denotes the orthogonal projection onto E p 2 \ E p 4 , and Π E p 4 denotes the orthogonal projection onto E p 4 .
iii) If F is a flat bundle on M then the same constructions hold for the heat kernels of the Hodge Laplacians of the de Rham complex with coefficients in F, ∆ F ε . In particular, if F 1 and F 2 are flat bundles of the same rank then
has the same asymptotics as in (ii) but without the local terms, and similarly for ε −2 ∆ F i ε acting on forms in middle degrees.
We then apply this construction to study the η-invariant and the analytic torsion of contact manifolds.
The η-invariant of the odd signature operator, η(S), was introduced Atiyah, Patodi, and Singer [APS75a] as the boundary contribution to the index formula for the signature operator with appropriate global boundary conditions. In [APS75b] they introduced the ρ-invariant which assigns to a flat bundle F the difference of the η-invariant of the odd signature operator twisted by F, η(S F ), with the η-invariant of the trivial flat bundle of the same rank, ρ(F ) = η(S F ) − rank(F )η(S).
They showed that the ρ invariant is a smooth invariant of M, i.e., it is independent of the choice of metric on M. (Note that explicit computations on lens spaces show that it is not a homotopy invariant in general. For manifolds whose fundamental group satisfies the Borel conjecture [Wei88] or an appropriate version of the Baum-Connes conjecture [Kes00] , the ρ-invariant is a homotopy invariant.) Corollary 2. Let F −→ M be a flat bundle, S F ε the odd signature operator of (M, g ε ) with coefficients in F, and S F H the odd signature operator of Rumin's complex with coefficients in F. As ε → 0, the finite part of the difference between η(S F ε ) and η(S F H ) is the integral of a local invariant of the metric,
Correspondingly, the ρ-invariant of the Rumin complex is equal to the ρ-invariant of the de Rham complex, ρ(F ) = η(S F H ) − rank(F )η(S H ). The η-invariant of the Rumin complex was first studied in [Rum00, §7] and subsequently by Biquard, Herzlich, and Rumin [BHR07] . In the latter, they conjecture [BHR07, §6] that (2) holds in arbitrary dimension and they study it on three dimensional contact manifolds. If M is a three dimensional Cauchy-Riemann (CR) Seifert manifold, meaning that the almost complex structure J in the metric (1) is integrable and M is endowed with a locally free action of S 1 that preserves (H , J) and is generated by a Reeb field, then they establish (2) with an explicit formula for the local term, [BHR07, Theorem 1.4]
where θ is an S 1 -invariant contact form and R is the curvature of the Tanno-Webster-Tanaka connection.
The analytic torsion of M is a function that uses determinants of the Hodge Laplacians of the de Rham complex to assign to each flat bundle F −→ M and each basis of the cohomology of M with coefficients in F a real number (see §7). It was defined by Ray and Singer [RS71] as an analytic analogue of a combinatorial invariant known as Reidemeister torsion which it was shown to equal by Cheeger [Che79] and Müller [M78] , independently, for flat bundles with unitary holonomy, and by Müller [M93] for flat bundles with unimodular holonomy. Bismut and Zhang [BZ92] were able to extend the Cheeger-Müller theorem to arbitrary flat bundles.
Corollary 3. Let F −→ M be a flat bundle with unimodular holonomy, {µ * } ⊆ H * (M ; F ) a basis for the cohomology of M with coefficients in F. The difference between the logarithms of the analytic torsion of the de Rham complex of M and the analytic torsion of the Rumin complex of M is given by the integral of a local invariant of the metric,
In particular, if F 1 and F 2 are flat bundles of the same rank with isomorphic cohomology (e.g., if they are both acyclic) then the relative analytic torsions of the de Rham and Rumin complexes coincide,
The analytic torsion of the Rumin complex was introduced and studied by Rumin and Seshadri [RS12] . For three dimensional CR Seifert manifolds they are able to establish a stronger version of (3), [RS12, Theorem 4.2]
On a general 3-dimensional contact manifold they show that modifying log AT H (M, {µ * }, F ) by a local term produces a 'CR-torsion,' log AT CR (M, {µ * }, F ), which is independent of the contact form. As, in three dimensions, there are no local invariants of contact metrics that are independent of the choice of contact form [BHR07, proof of Theorem 9.1], it follows from our theorem that
In an interesting preprint [Kit] , Kitaoka looks at a modified Rumin complex with the differential d H replaced by
and studies the corresponding analytic torsion on the odd-dimensional spheres with the standard contact structure and metric, log AT K (S 2n+1 , {µ * }, R). Using representation theory they are able to prove that
A direct computation (see (7.1) below) shows that in general Kitaoka's torsion differs from that of Rumin-Seshadri by a local term
Further context. Pseudodifferential operators on the Heisenberg group, adapted to parabolic dilations, were introduced by Dynin [Dyn78] . The calculus of Heisenberg pseudodifferential operators was consequently developed by Beals-Greiner [BG88] and Taylor [Tay84] (see also [Mel99] for the relation with the θ-calculus of [EMM91] ). A calculus including both the usual pseudodifferential operators and the Heisenberg pseudodifferential operators was developed by Epstein and Melrose [EM] and used to study index theory by van Erp [vE10b] (see also [vE10a, BvE14, Eps04] for more on index theory in this context). Complex powers and noncommutative residues of operators in the Heisenberg calculus were developed by Ponge [Pon08c] as well as a construction of associated heat kernels following work of Beals, Greiner, and Stanton [BGS84] . Recently the relations between sub-Riemannian spectral asymptotics and dynamics have been studied by, e.g., Colin de Verdière, Hillairet, and Trélat [CdVHT18] , Fermanian and Fischer [FKF19] , and Savale [Sav] . Some of these constructions have now been extended to more general filtered manifolds. For example, the groupoid approach to pseudodifferential operators in [vEY19] allows van Erp and Yuncken to handle filtered manifolds, and has been used by Dave and Haller to study BGG sequences generalizing the Rumin complex [DH17] and to study heat kernels and their asymptotics [DH19] .
The sub-Riemannian limit is closely related to the adiabatic limit introduced by Witten [Wit85] in which the metric on the total space of a fiber bundle is blown-up along the fibers. Witten's results were treated and generalized in [Che87, BF86a, BF86b] and since then the adiabatic limit has become a standard tool in geometric analysis. Most relevant to our approach is the adiabatic limit approach to the Leray-Serre spectral sequence by Mazzeo and Melrose [MM90] , and its subsequent extension by Forman [For95] , as well as the adiabatic limit of analytic torsion studied by Dai and Melrose [DM12] . Similar analytic surgery techniques have been used, e.g., to study the formation of cylinders [MM95, HMM95, Has98] , fibered cusps [ARSb, ARS18] , and wedges [ARSa] . In contrast to these works the degeneration in this project is not happening along a submanifold but rather along a subbundle of the tangent bundle.
Rumin's contact complex
In this section we review some results of [Rum94, Rum00] . Let M be a contact manifold of dimension m = 2n+1 with contact distribution H ⊆ T M. Let Ann(H ) ⊆ T * M denote the annihilator of H . Let I * denote the differential ideal generated by the sections of Ann(H ),
and let J * denote the forms that vanish after wedge product with an element of I * ,
Using techniques from Kähler geometry [Rum94, §2] it is easy to show that
We define
H M, and that setting D H (α) = dβ yields a complex
now known as Rumin's contact complex. Moreover, he showed that this complex is induced by a complex of sheaves resolving the sheaf of locally constant R-valued functions and hence that its cohomology coincides with the de Rham cohomology of M. As pointed out by Rumin-Seshadri [RS12] , these arguments are local and essentially unchanged by allowing coefficients in a flat vector bundle.
For a more geometric description of the Rumin complex, let us assume for simplicity that H is coorientable. We fix a global contact form θ, let R be the Reeb vector field determined by θ(R) = 1, R dθ = 0, and let V denote the rank one subbundle of T M spanned by R so that T M = H ⊕ V . It is always possible to find an almost complex structure J on H such that g H (·, ·) = dθ(·, J(·)) is a symmetric positive definite bundle metric on H . We then fix a Riemannian metric on M,
The splitting of T M induces a splitting of the cotangent bundle, T * M = H * ⊕ V * , and then of differential forms
The exterior derivative d :
The last term reflects the non-integrability of H ; concretely the fact that θ ∈ Ω 1,0 M and dθ ∈ Ω 0,2 M. We can also write
, L is exterior product with dθ, and L R denotes the Lie derivative by R. 1 Correspondingly, we have
we can express this succinctly as
With this identification, the differential D H :
One can also view the contact complex as arising naturally from the spectral sequence induced by the filtration H ⊆ T M, see [Rum00] . An analytic approach to spectral sequences for fiber bundles was developed by Mazzeo and Melrose [MM90] and then for arbitrary splittings of the tangent bundle by Forman [For95] . The Mazzeo-Melrose approach to the contact complex will be crucial to our construction of the heat kernel, so we will describe it in detail in §2.
Because D H is a differential operator of order two, the Hodge Laplacians of the Rumin complex are defined to be
Rumin [Rum94, §3] showed that these differential operators are not elliptic but they are hypoelliptic. Recall that this means that if u is a distributional differential form in the Rumin complex, i.e., a distributional section of the corresponding bundle, and it satisfies that ∆ H u is smooth, then we can conclude that u was itself smooth. A discussion of how this hypoellipticity is a general feature of differential form complexes on filtered manifolds can be found in a recent paper of Dave and Haller [DH17, Theorem 2].
The sub-Riemannian limit
As above, let M be a contact manifold of dimension m = 2n + 1 endowed with a global contact form θ. We extend the metric g 1 from (1.1) to a one-parameter family of Riemannian metrics on M, g ε = g H ⊕ θ ⊗ θ ε 2 , ε > 0. We refer to the limit as ε → 0 as the sub-Riemannian limit. Gromov [Gro96] has pointed out that the metric geometry of the Riemannian manifolds (M, g ε ) converges in the Gromov-Hausdorff topology to the metric geometry of the sub-Riemannian manifold (M, g H ).
The family of dual metrics on T * M converges to a degenerate metric supported on H * , and correspondingly the scalar Laplacians of g ε converge as ε → 0 to the hypoelliptic Kohn Laplacian ∆ H ,
i.e., they are vector fields on M parametrized by ε and horizontal at ε = 0. As V sR is a finitely generated projective module over C ∞ (X), we can use the Serre-Swan theorem, or proceed directly as in [Mel93, §8.2], and find that there is a vector bundle sR T X −→ X, together with a bundle map j : sR T X −→ T X such that j * C ∞ (X; sR T X) = V sR ⊆ C ∞ (X; T X).
Eliding the map j, we say that the space of sections of sR T X is V sR . We will refer to sR T X as the sub-Riemannian limit tangent bundle. At any p ∈ M there is a Darboux coordinate chart (x 1 , . . . , x n , y 1 , . . . , y n , z) in which θ has the form θ = dz + 1 2 (y j dx j − x j dy j ).
In Darboux coordinates the sections of sR T X are locally spanned by ∂ x j , ∂ y j , ε∂ z (but we point out that ∂ x j , ∂ y j are not horizontal away from the center of the coordinate chart). Note that ε∂ z does not vanish at ε = 0 as a section of sR T X, though it does as a section of T X. Correspondingly the sub-Riemannian family of metrics g ε defines a nondegenerate bundle metric on the sub-Riemannian tangent bundle.
Let sR T * X denote the sub-Riemannian cotangent bundle, defined as the dual bundle to sR T X, and locally spanned (in a Darboux chart) by
and define the sub-Riemannian limit differential forms to be sections of its exterior powers
The exterior derivative on M (or rather the π ε -vertical exterior derivative on X) induces a singular differential operator on sR Ω * (X) which, with notation as in (1.3), has the form
for ε > 0. The adjoint operator is given by a modified form of (1.4),
and hence the Hodge Laplacian is given by
We will make use of a slightly modified de Rham operator,
, which satisfies (d ε − δ ε ) 2 = −∆ ε , as this will be convenient when we come to study the η-invariant.
The analysis of these operators is complicated by the singular coefficients as ε → 0, which is an effect of the non-integrability of H . We will make use of these formulas for ε > 0 and understand the behavior of these operators as ε → 0 by restricting the domain following Mazzeo-Melrose [MM90] .
2.1. Asymptotically solving Laplace's equation. Our goal for this section is to understand what we can say about sections u of sR Ω * X such that ∆ ε u = O(ε ) as ε → 0 for some
. Let E * 0 = sR Ω * (X)| ε=0 and define
We will determine the restrictions placed on the Taylor expansion of elements u of E k .
The reason we are interested in these spaces is that they give an analytic realization of the spectral sequence induced by the splitting T M = H ⊕ V [MM90, For95]. These satisfy
. and [For95, Theorem 1.3] are eventually isomorphic to the singular cohomology of M in that for each p there is an N ∈ N such that
Indeed, we will see that
Let us write d ε − δ ε = ε −1 a −1 + a 0 + εa 1 with the a i independent of ε, and correspondingly
Note that since d ε − δ ε is skew-adjoint, so are the individual a i .
As explained in §1, the null space of
is naturally identified with the Rumin complex. The differential of the Rumin complex, outside of middle degree, is correspondingly
It is also worth pointing out (see [Rum00, §4] ) that a −1 is a section of the endomorphism bundle of Λ * ( sR T * X) whose spectrum is constant. In particular it has a generalized inverse
Given u 0 ∈ sR Ω * (X)| ε=0 , we can smoothly extend it to a form in sR Ω * (X). Any such extension u satisfies
. We can take u 1 = −a † −1 a 0 u 0 , and with this choice ∆ ε ( u) ∈ O(1), so
To determine when a form u 0 ∈ E * 2 will be in E * 3 , we start by specifying our preferred extension of a form in E * 2 to a form on sR Ω * M.
, so we have a natural choice of u 2 by arranging for it to cancel out the part of the right hand side in the image of a −1 ,
We define an 'extension operator'
This shows that a sufficient condition for u 0 ∈ E * 3 is for (Π Ker a −1 a 0 ) 2 u 0 = 0. To see that this is a necessary condition, let u be any extension of u 0 such that ∆ ε u = O(1) and write
In this way we have shown that
Since the two terms on the right hand side are orthogonal to each other, we see that the vanishing of (Π Ker a −1 a 0 ) 2 u 0 is also a necessary condition for u 0 ∈ E * 3 . Next we will show that E * 3 = E * 4 , i.e., that any form u 0 ∈ E * 3 has an extension u such that
. We can choose u 3 so that it cancels out the part of the right hand side in the image of a −1 ,
It turns out that this vanishes for any u 0 satisfying (2.1). Indeed, we see from (1.5) that a 1 −a 0 a † −1 a 0 vanishes on forms in Ker a −1 of degree p / ∈ {n, n+1} because it is an off-diagonal operator with respect to (1.2), while on forms of degree n or n + 1 this is given by
and both d H and δ H vanish on the images of D H , D * H . Thus we have found that
For forms of degree p / ∈ {n, n + 1}, E p 3 is isomorphic to the cohomology of the Rumin complex, hence to the de Rham cohomology of M, and so E p
Finally, let us analyze when a form in E p 4 will be in E p 5 . As we did for E * 2 , we will start by constructing a preferred extension operator Φ 4 :
, so a natural choice for u 4 is for it to cancel out the part of the right hand side that is in the image of a −1 . So with these choices of u 1 , u 2 , u 3 , we define
and (2.1) implies that Π Ker a −1 a 0 Π Ker a −1 (a 0 u 2 +a 1 u 1 ) = 0. Indeed, since a 1 preserves Im(a −1 ), and u 2 ∈ Im a −1 , we have
To see that this condition is necessary, we proceed as we did for E * 2 . That is, let u 0 ∈ E * 4 and suppose that u is any extension such that
. Thus w 0 = w| ε=0 in E * 2 and we can apply our previous analysis of E * 2 to conclude that
These three terms are orthogonal as they correspond to separate parts of the Hodge decomposition of Rumin's complex and so the vanishing of (Π Ker a −1 (a 1 − a 0 a † −1 a 0 )) 2 u 0 is also a necessary condition for u 0 ∈ E * 5 . This shows that
In all degrees E p 5 is isomorphic to the cohomology of the Rumin complex, hence to the de Rham cohomology of M, and so E p
In summary, in terms of the associated graded spaces
, we have established the following decompositions of the space of sub-Riemannian forms,
It is worth noting that the decompositions above are homogeneous with respect to the natural contact weight and associated filtration, which is defined by assigning weight 1 to forms in H * and weight 2 to forms in V * . We will use the extension operators from above to define two 'effective normal operators' of the Hodge Laplacian. We define the E * 2 -effective normal operator to be
and we define the E * 4 -effective normal operator to be
These operators will be useful in the construction of the heat kernel. In similar situations, but for Laplacians without coefficients that are singular in ε, (e.g., [AAR15, ARSb, ARS18, ARSa]) one would define a normal operator for the Laplacian at ε = 0 by taking u 0 → ∆ ε ( u)| ε=0 where u is any extension of u 0 . We will be doing the same in our setting save that the choice of extension of u 0 to u is constrained by the singularity of ∆ ε as ε → 0, and so we have constructed explicit extension operators.
Asymptotically solving the heat equation.
In the previous section we showed that we can write
IdsR
(Similarly, we will use Π E j to denote the orthogonal projection onto E j .) Heuristically, by ignoring everything except the effective normal operators, we could expect the heat kernel of ∆ ε to take the form
While the truth is a bit more complicated this exhibits the different regimes necessary to understand the asymptotics of the heat kernel, namely when t and ε 2 go to zero together, when ε goes to zero with t bounded, and when t −1 and ε 2 go to zero together. For later use, we will explain how to formally solve the heat equation to arbitrarily high order in ε in each of these regimes.
First suppose we wish to solve
To show by induction that we can solve the heat equation to arbitrary order in ε, suppose that we have found W
and note that W Next suppose we wish to solve
k+1 (ε) then we can improve the error in the first line by adding
k (t, 0)) and for the error in the initial condition we can use the previous discussion to solve the heat equation to arbitrarily high order with initial data Π G 0 w (2) k+1 (0) and then use the inductive hypothesis to solve the heat equation to order k + 1 with initial data Π E 2 w
and then we have
where we use that (d H + δ H ) 2 has an inverse on G 2 , then for the error in the initial condition we can use the previous discussions to solve the heat equation to arbitrarily high order with initial data (Id −Π G 4 )w (4) k+1 (0), and then we can use the inductive hypothesis to solve the heat equation to order k + 1 with initial data Π E 4 w (4) k+1 (0).
Interlude: manifolds with corners
We briefly review some basic concepts on manifolds with corners and refer the reader to, e.g., [Maz91, §2A] , [Mel92, Mel96, Gri01, DM12, Mel93, EMM91], for more details.
Recall that a map [0, ∞) m −→ [0, ∞) m is smooth if it has a smooth extension to a map between open neighborhoods of [0, ∞) m in R m . A smooth m-dimensional manifold with corners W is a manifold smoothly modeled on [0, ∞) m with embedded boundary hypersurfaces. This latter condition is equivalent to the existence, for each boundary hypersurface H, of a smooth function ρ :
dρ has no zeroes on H;
any such function is known as a boundary defining function for H. A product of boundary defining functions, one per each boundary hypersurface of W, is known as a 'total' boundary defining function for W.
A construction we use repeatedly to obtain new manifolds with corners is (real) blow-up of a 'p-submanifold' (or 'submanifold of product-type'). An embedded submanifold Y ⊆ W is a p-submanifold if every point q ∈ Y has a neighborhood U such that
where W has no boundary and Y ∩ U = W × {q } for some q ∈ W . (Thus the interval {x = 1 2 , 0 ≤ y ≤ 1} is a p-submanifold of the unit square, while the diagonal {0 ≤ x = y ≤ 1} is not a p-submanifold of the unit square.) These are the submanifolds that have 'nice' tubular neighborhoods. The blow-up of W along Y, denoted [W ; Y ], is the manifold with corners obtained by removing Y and replacing it with its inward pointing spherical normal bundle in W, A blow-up comes with a blow-down map
Every manifold with corners can be embedded into a closed manifold (see, e.g., [AM11, Theorem 4.2]) and a smooth function on a manifold with corners is, by definition, the restriction of a smooth function on a closed manifold. However, it is convenient and often necessary to work within the larger class of I-smooth functions, or functions that are smooth with respect to index sets (also known as polyhomogeneous functions). On a manifold with boundary W, with boundary defining function ρ, an I-smooth function f with index set E ⊆ C × N 0 is a function that is smooth in the interior of W and has an asymptotic expansion f ∼
where the coefficients, a s,p (y), are smooth functions on ∂W. We denote the set of such functions by A E phg (W ). In order for this to make sense, and behave well with respect to change of boundary defining function, we require of E that:
On a manifold with corners I-smooth functions have index sets at each boundary hypersurface and joint expansions at corners, see [Maz91, §2A] for details. As I-smooth functions are C ∞ (W )-modules it is straightforward to define I-smooth sections of vector bundles.
We say that a function f vanishes to infinite order at a boundary hypersurface H of a manifold with corners W if all of the coefficients in its Taylor expansion at H are identically zero. We denote the set of smooth functions on W that vanish to infinite order at all boundary hypersurfaces of W byĊ ∞ (W ), and those that vanish to infinite order at all boundary hypersurfaces except for H byĊ ∞ H (W ). A beautiful and powerful geometric technique of Melrose for understanding the mapping properties of an operator and the composition of two operators is provided by the pull-back and push-forward theorems. A map f : W −→ W between manifolds with corners is a bmap, i.e., a 'boundary map', if the pull-back of any boundary defining function of a boundary hypersurface of W is the product of boundary defining functions of W. An example is the projection of the square onto one of its sides and a non-example is the map from the unit square onto [0, 2] sending (x, y) to The push-forward of a density along a fiber bundle map is the fiberwise integral of that density; in general push-forward is defined as the dual of pull-back. A b-fibration is a b-map between manifolds with corners that restricts to a fiber bundle over the interior of each boundary face and does not increase codimension (see [Gri01, Definition 3.9]). Push-forward along a b-fibration is especially well-behaved for b-densities: a density on the interior of W is a b-density if its product with a total boundary defining function is a non-degenerate density on W. If u is an I-smooth density on W and f : W −→ W is a simple b-fibration, then f * u is an I-smooth b-density on W . The index set of f * u at a boundary hypersurface H of W is the 'extended union' of the index sets of u at the boundary hypersurfaces of W that are mapped onto H by f. Here the extended union of two index sets E and F is
In this paper we will only require pull-back and push-forward along simple b-maps; we refer the reader to the references for the results for non-simple b-maps.
The heat kernel construction on model spaces
In this section we will describe the construction of the heat kernel of a Laplace-type operator on a closed manifold from [Mel93, Chapter 7] and the analogous construction of the heat kernel of suitable hypoelliptic operators on 'Heisenberg manifolds' following [BGS84, Tay84, Pon08c] . This will allow us to review the methods involved in situations simpler than the heat kernel of a manifold undergoing the sub-Riemannian limit and will serve as part of that construction.
Let us start by considering the structure of the heat kernel for the scalar Laplacian on Y = R m as a right density,
is smooth everywhere on R + t × Y × Y except at the submanifold {t = 0, ζ = ζ } where it is not defined and does not have well-defined limits. We resolve this singularity by blowing-up the diagonal at time zero; that is, we remove this submanifold and we replace it with (a modified version of) its inward pointing spherical normal bundle. We denote the resulting space by HY and the map back to R + t × Y × Y, the 'blow-down map', by
In essence this comes down to introducing polar coordinates and then 'taking them seriously'. Figure 1 . The heat space HY and its blow-down map β :
Thus for coordinates on HY we can take
and the map β is given by
The pull-back the heat kernel of ∆ Y to HY is
where β R : HY −→ Y is the composition of β and the projection onto the right factor of Y and Λ Y denotes the density bundle on Y. Its newfound smoothness is due to the pleasant fact that now the numerator and denominator in the exponential are never simultaneously zero. This construction of the Euclidean heat space, where the t-direction is treated with a different weight as the spatial directions, is known as a 'parabolic blow-up' and denoted
]. An alternate construction that is just as good for understanding the structure of the heat kernel is to first introduce τ = √ t as a smooth global variable 2 and then blow-up the diagonal at time zero homogeneously in all directions. We denote the resulting space by
To declare that τ = √ t is smooth is to change the smooth structure of R + × Y 2 . It is the same as carrying out a parabolic blow-up of the boundary hypersurface {t = 0}, i.e., replacing
and can obtain coordinates by
In these coordinates the pull-back of the heat kernel is given by
We will make use of both radial blow-ups and parabolic blow-ups in constructing the heat space for the sub-Riemannian limit. For a discussion of radial and parabolic blow-up we refer back to section 3 and the references therein. 
We denote the linear operator f → u by e −t∆ :
, where µ R is the pull-back of a density to R + t × M 2 from the right factor of M, satisfies the equation
with δ diag M the delta distribution on the diagonal of M 2 at t = 0. It is convenient to multiply the first equation by t,
(t∂ t + t∆ ζ )K H (t, ζ, ζ ) = 0, as this does not change the solution and allows us to work with vector fields that are tangent to {t = 0}. Following [Mel93, Chapter 7], we establish the asymptotics of K H and show that it is I-smooth density on a suitable manifold with corners by constructing the solution to the heat equation within this class of densities. We construct the 'heat space' of M by first blowing-up {t = 0} parabolically, i.e., introducing τ = √ t as a smooth function. We will not reflect this in our notation beyond using τ instead of t. Secondly we perform the radial blow-up of the diagonal at time zero, The latter can be identified with a fiberwise compactification of the normal bundle to the diagonal, i.e., the tangent bundle of M, and indeed β restricted to B E is the bundle map.
As t → 0 we expect, by analogy with the Euclidean heat kernel, to have exponential decay at B tf and interesting asymptotics only at B E , so we carry out our construction using the function spaceĊ ∞ E (M 2 ; Hom(E) ⊗ β * R Λ M ) discussed in §3, consisting of sections that vanish to infinite order at B tf . Local coordinates near B E are obtained from local coordinates ζ on M by, e.g.,
(valid away from B tf ) in which τ is a boundary defining function for B E . Since β restricts to a diffeomorphism between HM \ B E and R + τ × M 2 \ ({τ = 0} × diag M ) we can pull-back vector fields and differential operators along β. The lift of t∂ t is given, in these coordinates, by
Note that the restriction of β * L (τ V ) to the fiber over q ∈ M of B E is the constant coefficient vector field obtained from V by freezing coefficients at q; this is none other than the symbol of V. 
It is easy to see that, just as above, N q ( 1 2 τ ∂ τ )u = − 1 2 ω · ∂ ω u and N q (a(ζ)∂ ζ j )u = a(0)∂ ω j u. Expressing this limit using polar coordinates we see that it is the same as pulling-back along β and restricting to B E .
It follows that the lift of τ 2 ∆ also restricts to its principal symbol on B E , which in appropriate coordinates in each fiber is just the Euclidean Laplacian, acting as a fiber-wise differential operator. This suggests that we take as our first approximation to the heat kernel of ∆ the density we get from (4.1) written in projective coordinates,
, where | · | σ(∆)(ζ ) denotes the metric on the tangent space to M at ζ defined by the symbol of ∆, Id E denotes the identity on E, χ is a cut-off function equal to one in a neighborhood of B E , and µ R is the pull-back of a non-degenerate density along β R .
It follows that G 0 solves the heat equation to first order at B E ,
and it satisfies the initial condition G 0 f → f for all f, i.e., (β L ) * G 0 | t=0 = δ diag M . The next step is to find G j ∈Ċ ∞ E (HM ; Hom(E) ⊗ β * R Λ M ), such that for any N ∈ N,
Inductively, given G 0 , . . . , G N , we look for G N +1 such that
is a Schwartz function on the fibers of B E , we can take Fourier transform and solve the resulting equation to get
which shows that G N +1 | τ =0 is a Schwartz function on the fibers of B E and completes the induction.
Once we have all of the G j we 'asymptotically sum' them; that is we use Borel's Lemma to find
It follows that β * L (t∂ t + t∆)G ∞ = R ∞ ∈Ċ ∞ (HM ; Hom(E) ⊗ β * R Λ M ) whereĊ ∞ (HM ; Hom(E) ⊗ D) denotes sections of Hom(E) ⊗ β * R Λ M that vanish to infinite order at both B tf and B E .
For the final step, we allow G ∞ and R ∞ to act by convolution as Volterra operators. Leṫ C ∞ (R + t × M ; E) denote the sections of E that vanish to infinite order at t = 0 (which is equivalent to vanishing to infinite order in τ ), and define (Id +t −1 R ∞ * ) −1 = (−1) k (t −1 R ∞ * ) k = Id +S ∞ , S ∞ ∈Ċ ∞ (HM ; Hom(E) ⊗ β * R Λ). It follows that the heat kernel of ∆ (pulled back to HM ) is equal to
, we see that the Taylor expansion of the heat kernel at B E is equal to the Taylor expansion of G ∞ , i.e., to the one we constructed step by step above.
The heat kernel of a contact Laplacian.
For m = 2n + 1 the Heisenberg group is the multiplicative subgroup of GL m (R) given by
and is naturally diffeomorphic to R m . An important feature of H m is that the dilations (x, y, z) → (ax, by, cz) that are group homomorphisms are precisely those with c = ab; the dilation with a = b = c 1/2 = λ > 0 is known as the 'Heisenberg scaling' by λ.
In the construction of the heat kernel on a closed manifold we have used that the principal symbol of a differential operator is, at each point p ∈ M, a translation-invariant differential operator on T p M ∼ = R m . On a contact manifold M we can identify the tangent bundle with a bundle of Heisenberg groups (the osculating group of [FS74] ). The 'Heisenberg symbol' of a differential operator is, at each point p ∈ M, a left-invariant differential operator on T p M ∼ = H m . A self-adjoint operator is said to be 'Rockland' if its Heisenberg symbol is invertible and this is known to be the case for the Hodge Laplacians of the Rumin complex, ∆ H [Rum94, §3], [DH17, Example 4.21]. The heat kernel of a Rockland operator has been studied in, e.g., [BGS84, DH19] , [Pon08c, §5] . For future use we recast the construction of these heat kernels in parallel to the construction in §4.1.
Let P ∈ Diff (M ; E) be a non-negative self-adjoint Rockland operator of order (recall that ∆ H is of order four on n-forms and n+1-forms, and order two otherwise). We construct the Heisenberg heat space of M from R + t × M 2 by first introducing τ = t 1/ as a smooth function (i.e., by performing a quasi-homogeneous blow-up of {t = 0}). We will not include this blow-up in our notation below beyond using τ instead of t. Secondly we blow-up the diagonal at time zero, but parabolically with respect to Ann(H ), The latter is a fiberwise compactification of the tangent bundle of M and β restricts to the bundle map.
Note that the pull-back of the density bundle along the blow-down map satisfies
explaining why the asymptotic expansion of the trace of the heat kernel of a contact Laplacian will begin at −(m + 1) instead of −m.
As above, we will work with the spaceĊ ∞ H (M 2 ; Hom(E) ⊗ β * R Λ M ) of densities that vanish to infinite order at B tf but have non-trivial asymptotics at B H . Local coordinates near B H can be obtained from a Darboux chart (x j , y j , z) = (ζ, z) by, e.g.,
In these coordinates, the lift of t∂ t along β is
and we recognize that R H is the infinitesimal generator of dilations adapted to the Heisenberg group; for a vector field V = a j (ζ, z)∂ ζ j + a 0 (ζ, z)∂ z the lift of τ V along β is
Significantly, at the center of the Darboux chart, the lift of ∂ x j − 1 2 y j ∂ z is ∂ ωx j − 1 2 ω y j ∂ ωz and the lift of ∂ y j + 1 2 x j ∂ z is ∂ ωy j + 1 2 ω x j ∂ ωz ; i.e., the lift of the horizontal vector fields on M are the corresponding vector fields on T q M.
Remark 2. Equivalently we can find the model operator of a differential operator L at the fiber of B H over q ∈ M by choosing, e.g., a Darboux chart φ around q mapping into T q M with φ(q) = 0, Dφ(q) = Id . Let D λ denote the anisotropic dilation map It is easy to see that this gives the same operators as above, and coincides with other definitions of the Heisenberg symbol, cf. [JvE18] , [Pon08c, §2.1].
It follows that the lift of τ P restricts to each fiber of B H to its Heisenberg symbol σ H (P ), e.g., the corresponding Hodge Laplacian on the Heisenberg group. Also we recognize the restriction of the lift of t∂ t to B H as − −1 times the infinitesimal generator of the Heisenberg scaling. It is shown in, e.g., [DH19, Lemma 4] that the heat kernel of σ H (P )(q), k σ H (P )(q) (τ, ω ζ , ω z ) µ, is a Schwartz section of the density bundle on T q M, homogeneous with respect to the anisotropic dilation
whose integral over T q M is equal to the identity on E q . This suggests a first approximation to the heat kernel of P analogous to (4.2),
, with χ a cut-off function equal to one in a neighborhood of B H , and µ R is a density on M pulled-back along β R . It follows that G 0 solves the heat equation to first order at B H ,
and it satisfies the initial condition lim τ →0 G 0 f = f for all f, i.e., (β L ) * G 0 | t=0 = δ diag M . Since convolution on the Heisenberg group preserves Schwartz functions, we may construct G j as in §4.1 and asymptotically sum them to find
. Continuing as in §4.1, we view this as a Volterra operator acting by convolution and invert it by a Neumann series to find
Finally, we will have need of the Schwartz kernel of Ae −tP where P is a non-negative self-adjoint Rockland operator of order and A is a pseudodifferential operator of order zero in the Heisenberg calculus. The structure of these operators, when P is elliptic, has been studied in several contexts as, e.g., a way of obtaining the Wodzicki-Guillemin residue of A (see for example [Loy06] for a nice overview, [Les10, GL02, GS95] for the use of Ae −tP , and [Pon08a,Pon08b,Pon07] for contact manifolds). Fortunately, as we will explain, the case we will encounter below is simpler than the general case.
The Schwartz kernel of Ae −tP is again I-smooth on the heat space H H M but the coefficients of the expansion at B H are not necessarily local. Correspondingly it is convenient to understand Ae −tP as an integral transform of the resolvent of P or of the complex powers of P. Indeed, the Mellin transform of Ae −tP is equal to AP −s , and, for P a positive self-adjoint Rockland differential operator, the structure of P −s is detailed in [Pon08c, §5.3]; namely,if P has differential order , then P −s (and hence AP −s ) is a Heisenberg pseudodifferential operator of order −s and together these operators form a holomorphic family. By taking inverse Mellin transform, it follows that Ae −tP is an I-smooth function on H H M, vanishing to infinite order at B tf and with asymptotic expansion at B H of the form (4.5)
where we recall that τ = t 1/ . Recall from §3 that this is expressed as
, where we use −(m + 1) and 0 to stand for −(m + 1) + N 0 and N 0 , respectively. Interestingly, while a j and b k are local (i.e., they each depend on finitely many terms in the asymptotic expansion into homogeneous terms of the symbols of A and P ), the terms b k need not be local. For example if A is trace-class then the trace of A will be equal to the integral of a m+1 + b 0 .
It follows that the trace of Ae −tP has an expansion of the same form as (4.5) (the coefficient of the first log term is the noncommutative residue of A). In our construction below, A will be the projection Π E 4 from §2.1 and P will be ∆ H from (1.6). This allows us to use an observation of Branson-Gover [Bra05, §3], [BG05] to rewrite the trace as follows (e.g., on forms of degree n) 
which implies that the short-time asymptotic expansion of the trace does not have any log τ terms or terms that are global in the manifold. The analogous result holds for forms of degree n + 1.
The heat kernel of a sub-Riemannian limit
In [Rum00, Theorems 3.5, 3.6], Rumin established convergence of the spectrum of the Hodge Laplacian of metrics undergoing a sub-Riemannian limit. Specifically he showed that, for some λ ∈ C, (in fact all λ ∈ C \ R)
* are the spaces defined in (2.1). For positive time the behavior of the heat kernel of ∆ ε as ε → 0 is entirely analogous, [Rum00, §7] . However the behavior of the heat kernel as both time and ε go to zero is a bit more intricate. We will understand this degeneration by constructing a manifold with corners, the sub-Riemannian limit heat space, on which the heat kernel is I-smooth for a smooth index set I.
As sketched in §2.2, the heat kernel will have three interesting regimes as ε → 0, one where ε 2 and t go to zero at the same rate, one where t stays bounded, and one where ε 2 and t −1 go to zero at the same rate. The latter only shows up when the form degree is n or n + 1, so we will construct different heat spaces for forms in middle degrees, H mid sR X, and forms that are outside of middle degrees, H out sR X. 5.1. The heat kernel outside of middle degree.
In this section and the next we construct the heat kernels of the Hodge Laplacians ∆ ε undergoing a sub-Riemannian limit. The construction is parallel to those in §4; we construct an appropriate heat space and find a I-smooth density that solves the induced model problems at each boundary hypersurface, then improve this to an I-smooth density that solves the heat equation to infinite order at each boundary hypersurface, and finally use a Volterra series to solve away the remaining error. In this section we work with sR Ω p X for a fixed p / ∈ {n, n + 1}.
To construct H out sR X we start with R + t × M 2 × [0, 1] ε and we first blow-up {t = 0} parabolically; i.e., we introduce τ = √ t as our global time variable. We will not include this blow-up in the notation beyond using τ instead of t. Next, to capture the asymptotics of the heat kernel as τ and ε both go to zero, we blow-up up the submanifold
in the directions of Ann(H ), as in (4.3). We denote the resulting boundary hypersurface by B d,1 . Finally, to capture the asymptotics of the heat kernel as τ → 0 for positive ε, we blow-up the (interior lift of the) diagonal of M 2 at time zero for all ε, and denote the resulting boundary hypersurface by B d,0 .
Thus altogether we have
together with its blow-down map Figure 2 .
The heat space H out sR X and its blow-down map Ignoring, as we will, the boundary hypersurface {ε = 1}, H out sR X has four boundary hypersurfaces
. where in the notation B i,j the first subindex is different from zero when the face lies over τ = 0 and the second subindex is different from zero when the face lies over ε = 0. The restriction of the blow-down map to the boundary faces produced by blow-up induces fiber bundle structures,
The first of these is the fiberwise compactification of the sub-Riemannian limit tangent bundle sR T X; in the second case the fiber over q ∈ M is a compactification of T q M ⊕ R + consistent with the Heisenberg scaling in T q M.
We will denote a boundary defining function for, e.g., B d,0 (H out sR X) by ρ d,0 , and similarly for the other boundary hypersurfaces.
Having constructed the heat space, we now focus on solving the model heat equations at each boundary hypersurface and constructing a parametrix for the heat kernel. We will use β * R Λ M to denote the density bundle of M pulled-back to H out sR X along the blow-down map followed by the projection onto the right factor of M.
The face B d,0 (H out sR X) can be treated just as in §4.1. Indeed, this face fibers over X = M × [0, 1] ε and the fiber over each point is a compactification of the corresponding fiber of the sub-Riemannian limit tangent bundle sR T X. The model operator of t∆ ε is its principal symbol as a constant coefficient operator on the fiber of sR T X. For horizontal vector fields, this is the usual symbol, while for vertical vector fields we divide out by ε and then fix coefficients (more correctly, in ε∂ z as a section of sR T X, the ε is not a coefficient but an inseparable part of the section).
Analogously to §4.1, let G 0 be the section of Hom( sR Ω p X) ⊗ β * R Λ M which, in coordinates valid for ε > 0,
is given by
where | · | 2 gε(ζ ,z ,ε) denotes the metric g ε on the corresponding fiber of sR T X, χ is a smooth cut-off function equal to one in a neighborhood of B d,0 (H out sR X). Coordinates valid near the intersection
in which G 0 takes the form
Thus we have
and we can proceed to remove the subsequent errors at B d,0 (H out sR X) just as in §4.1 to find,
. This gives a parametrix for the heat equation with error vanishing to infinite order at the 'Euclidean face', B d,0 (H out sR X).
Next let us consider the boundary hypersurface B d,1 (H out sR X), which fibers over M and on which we obtain a model problem on each of these fibers. This model problem takes a different aspect depending on the choice of coordinates. Consider first coordinates projective with respect to τ, as in (4.4),
valid away from B 1,0 (H out sR X) ∪ B d,0 (H out sR X), in which τ is a boundary defining function for B d,1 (H out sR X). In these coordinates, the fiber of the interior of B d,1 (H out sR X) above (ζ , z ) ∈ M is H m (ω ζ ,ωz) × R + α , and the model operator of 3 t∆ M ε is ∆ H α , i.e., the sub-Riemannian limit of the Hodge Laplacian on the Heisenberg group parametrized by α. So at this face, in these coordinates, we still have to deal with a sub-Riemannian limit, albeit on a simpler space.
Let us consider instead coordinates near B d,1 (H out sR X) that are projective with respect to ε such as
in which ε is a boundary defining function for B d,1 (H out sR X). In these coordinates, the fiber of the interior of
, the heat equation for the Hodge Laplacian on the Heisenberg group. The solution of the model heat problem on each fiber is thus, with notation as in §4.2, k ∆ H (σ, θ ζ , θ z ) µ R . In terms of the previous set of coordinates, this becomes
(note that α m+1 µ R is homogeneous of degree zero with respect to Heisenberg dilation).
Returning to the parametrix construction, we have so far constructed G ∞ satisfying (5.1). Let
. In coordinates projective with respect to ε, R 0 vanishes to infinite order as σ → 0 and hence we may find L 0 in the same space (by convolving R 0 with the heat kernel of the Hodge Laplacian on the Heisenberg group) such that ( 1
then we can add it to G ∞ and solve the heat equation to one order better at B d,1 (H out sR X), i.e.,
. Continuing in this way we can solve away the error of the parametrix at this face and find
This gives a parametrix for the heat equation with error vanishing to infinite order at the 'Euclidean face', B d,0 (H out sR X) and the 'E 0 face', B d,1 (H out sR X).
We next consider the situation at the face B 0,1 (H out sR X) which we can identify with the Heisenberg heat space of M from (4.3). The initial condition for the model problem at this face is that as time goes to zero, the heat kernel must match the solution of the model problem already constructed at B d,1 (H out sR X). In projective coordinates with respect to ε, we found that the model operator of t∆ ε at B d,1 (H out sR X) is the sub-Riemannian limit of the Hodge Laplacian on the Heisenberg group. Hence the initial problem for the heat equation at B 0,1 (H out sR X) is the projection onto the null space of a −1 , i.e., the projection onto E 2 4 . The upshot is that for the model heat equation we may work in E 2 and the solution is then
Returning to the parametrix construction, since the solutions to the model equations on B d,1 (H out sR X) are kernels valued in E 2 at B d,1 (H out sR X) ∩ B 0,1 (H out sR X), we may assume that R| B 0,1 (H out sR X) is valued in E 2 . We may then proceed as explained in §2.2 to solve the heat equation asymptotically at B 0,1 (H out sR X), i.e., to find
. Finally, we can remove the remaining error by considering Q = G ∞ + L ∞ + P ∞ and S = −β * L (t∂ t + t∆ ε )(Q) as Volterra operators acting by convolution. The section Q satisfies β * L (∂ t + ∆ ε )(Q ) = Id − 1 t S and we can invert the right hand side using the convergent Neumann series
It follows that the sub-Riemannian limit heat kernel, for differential forms outside of middle degrees is given by
and satisfies
as required. This proves part (i) of Theorem 1 for differential forms in degree p / ∈ {n, n + 1}.
The heat kernel in middle degrees.
In this section we first discuss how to modify the construction of the heat kernel of ∆ ε in the previous section for forms sR Ω p X, with p ∈ {n, n + 1}. Then we will discuss the how to construct the heat kernel of ε −2 ∆ ε and why this is necessary for a uniform description of the long-time behavior.
For the Hodge Laplacian ∆ ε in middle degrees, the construction in the previous section of a parametrix for t∂ t + t∆ ε works without change at the faces B d,0 (H out sR X) and B d,1 (H out sR X). The model heat equation at B 0,1 (H out sR X) has initial condition Π E 2 and so we may work in E 2 and the model heat equation to solve is then (t∂ t + t(d H + δ H ) 2 )Π E 2 , whose solution is
on Ω n H M and analogously for q = n + 1. Thus we can see that the first term in this equality is smooth on B 0,1 (H out sR X) but the second term is not. As we know that on E 4 , ∆ ε • Φ 4 = ε 2 ∆ H Π E 4 , we see that we should blow-up the diagonal at ε = 0 to capture the asymptotics of this term. Let the lift of
We can solve the heat equation 1 2 τ ∂ τ + τ 2 ε 2 ∆ H Π E 4 to infinite order at B d,2 (H + sR X) by using the expansion (4.5) and the equation 1 2 τ ∂ τ + τ 2 ∆ H Π G 2 at B 0,1 (H + sR X) by using the construction described in §2.2 and the previous section. Combining this with the constructions of G ∞ and L ∞ from the previous section, we obtain
such that the heat equation has remainder
We may use a Neumann series of Volterra operators as in the previous section to improve this to the heat kernel itself. In this way we have shown that, for degrees p ∈ {n, n + 1},
, with W(B 1,0 (H + sR X)) = ∅, W(B d,0 (H + sR X)) = −m, W(B 0,1 (H + sR X)) = 0, W(B d,1 (H + sR X)) = −(m + 1), W(B d,2 (H + sR X)) = −(m + 1)∪0,
It follows that, as ε → 0 and t → ∞, the heat kernel of ∆ ε converges to the projection onto E 4 . Since this is infinite dimensional this is unsatisfactory for understanding the limit of, for example, the zeta function of the Hodge Laplacian. The way around this, as already studied by Rumin [Rum00] , is to construct the heat kernel of ε −2 ∆ ε instead. Notice that the operator t(∂ t + ε −2 ∆ ε ), expressed in the rescaled time variable T = t ε 2 is T (∂ T + ∆ ε ) so solving the heat equation for ε −2 ∆ ε is the same as solving the heat equation for ∆ ε but with a rescaled time. This means that we have already done most of the work of solving this equation.
The heat kernel of ε −2 ∆ ε will be I-smooth on a different heat space, H mid sR X, obtained from H + sR X by rescaling the time variable. We again start with R + t × M 2 × [0, 1] ε and replace t with τ = √ t . Then we blow-up the submanifold {τ = ε = 0} and denote the resulting boundary hypersurface by B 1,1 (H mid sR X). Let R = √ ε 2 + τ 2 and Θ = arctan( ε τ ) denote polar coordinates on the resulting space.
Next we blow-up the submanifold {R = 0, Θ = π 2 } × diag M parabolically in the directions of Ann(H ) and denote the resulting boundary hypersurface by B d,1 (H mid sR X). Coordinates valid near the interior of this face include σ = τ ε 2 , ω ζ = ζ − ζ ε , ω z = z − z ε 2 , ζ , z , ε, in which ε is a boundary defining function for B d,1 (H mid sR X). Thirdly, we blow-up the interior lift of the submanifold {R = 0} × diag M , parabolically in the directions of Ann(H ) and denote the resulting hypersurface by B d,2 (H mid sR X). Coordinates valid near the interior of this face include 
The parametrices we constructed for t(∂ t + ∆ ε ) at all of the boundary hypersurfaces of H + sR X carry over to H mid sR X by rescaling the time variable and yield a parametrix
. Moreover we may assume that its restriction to B 0,1 (H mid sR X) is valued in E 4 and proceed as explained in §2.2 to solve the heat equation asymptotically at this face and find
Again we can now use a Neumann series of Volterra operators to improve this to the heat kernel itself. Thus we have shown that, for degrees p ∈ {n, n + 1},
This finishes the proof of part (i) of Theorem 1.
Trace of the heat kernel.
Having found a precise description of the structure of the heat kernel we now deduce the consequences for its trace. Recall that, by Mercer's theorem [Bri88] where tr denotes the pointwise trace of Hom( sR Ω * X)| diag and β * denotes the push-forward along the blow-down map from the heat space to R + t × M 2 × [0, 1] ε . Equivalently, instead of pushing-forward the heat kernel and then restricting to the diagonal, we can directly restrict the heat kernel to the interior lift of the diagonal.
Let us start by considering differential forms of degree p ∈ {n, n + 1}, as the other form degrees will be simpler. The interior lift of the diagonal to H mid sR X is shown in Figure 5 , and can be identified with
with R = √ ε 2 + τ 2 and Θ = arctan( ε τ ) polar coordinates valid after the first blow-up. We denote the boundary hypersurfaces of T E mid with the same symbols we used for the 
Mercer's theorem is then that
Tr(e −t/ε 2 ∆ε ) = (p T E ) * K e −t/ε 2 ∆ε diag H mid sR X
, and this allows us to read off the asymptotics of the trace. The analysis of the sub-Riemannian limit Hodge Laplacian on forms outside of middle degree is similar but simpler, with the interior lift of the diagonal given by
] by T E out and denote its boundary hypersurfaces by B d,0 (T E out ) = β −1 (τ = 0, ε > 0),
Finally recall from the discussion at the end of §4.2 that, although the heat kernel for differential form degrees p ∈ {n, n + 1} has log-terms in its asymptotic expansion, its trace does not.
Theorem 5.1. Let ∆ ε be the Hodge Laplacian of the sub-Riemannian limit metrics g ε . For p / ∈ {n, n + 1}, we have
, with a local expansion at B d,1 (T E out ) and B d,0 (T E out ) (i.e., the coefficients of the expansion at B d,1 (T E out ) and B d,0 (T E out ) are given by universal polynomials in the corresponding symbol of ∆ ε ) and the leading term at B 0,1 given by
. For p ∈ {n, n + 1}, we have
, with a local expansion at B d,1 (T E mid ) and B d,0 (T E mid ), with expansion at B d,2 (T E mid ) given by the sum of Tr(e −τ ∆ H | G * 2 ) + O(ρ d,2 ) and a local expansion, and with leading term at B 0,1 given by
. This establishes part (ii) of Theorem 1. The local coefficients in the asymptotic expansion of the trace of the heat kernel at boundary hypersurfaces over {ε = 0} are integrals of universal polynomials in the curvature and torsion of the Tanno connection as we now discuss.
The heat invariants and Tanno's connection.
It is well-known [MP49] that the coefficients in the short-time asymptotic expansion of the trace of heat kernel of the Hodge Laplacian are integrals of universal polynomials in the curvature of the metric and its covariant derivatives. This is an easy consequence of the construction of the heat kernel in §4.1 since the terms in the Taylor expansion of the heat kernel at B d,1 are obtained from the Taylor expansion of the symbol of the Lapacian and this is the Riemannian metric. The heat invariants arising from B d,1 for the Hodge Laplacian undergoing a sub-Riemannian limit have a similar description as integrals of universal polynomials. In this case the universal variables are the coefficients of different powers of ε in the expansion of the Levi-Civita connection ∇ ε as ε → 0 and, as we know explain, these are the Tanno connection and its torsion. Let 
Then an easy computation using the Koszul formula shows that the non-zero Christoffel symbols are given by
, where i, j, k, > 0. It follows that as ε → 0 the Levi-Civita connection acting on differential forms splits into ∇ ε = ε∇ 1,0 + ∇ 0,1 + ε −1 ∇ −1,2 (where the notation corresponds to the splitting of the exterior derivative in §1) in which ∇ −1,2 has the contribution of J to the Christoffel symbols, and ∇ 1,0 has the derivative of the metric with respect to the Reeb vector field. Thus ∇ 0,1 is the connection on T M obtained from the Levi-Civita connection by removing the vertical contributions; this is known as the Tanno connection, see [Tan89, (3.1)]. The parts of the connection forms that depend on ε as ε → 0 then make up the torsion forms of the Tanno connection.
The η invariant
In this section we consider the η invariant of the signature operator for sub-Riemannian limit metrics g ε . This has been considered in three dimensions by Biquard-Herzlich-Rumin [BHR07, Theorem 1.4] and in general dimension by Rumin [Rum00, §7] .
The Hodge star induces a natural involution on the complexified differential forms on M,
its square is the Hodge Laplacian, and the η-invariant of an odd dimensional manifold is
Since I maps forms of degree p to forms of degree m − p = 2n + 1 − p,
and so the only forms that can contribute to the trace are those of the middle degrees p ∈ {n, n + 1}, i.e., we have
with Π mid the projection onto middle degree forms.
Theorem 6.1. Let g ε be a sub-Riemannian limit family of metrics on a contact manfiold and let S ε denote its odd signature operator. The Schwartz kernel of the operator Π mid √ t ε S ε e − t ε 2 ∆ε Π mid (pulled-back to H mid sR X) is an I-smooth right density
with the same index sets as the middle degree heat kernel (5.2).
The η-invariant of S ε is an I-smooth function on [0, 1] ε ,
where the final term is an integral of a universal polynomial in the torsion and curvature of the Tanno connection and their covariant derivatives.
Proof. We can write the differential operator β * L (Π mid √ t ε S ε Π mid ) using vector fields on H mid sR X that are tangent to every boundary hypersurface (except B 0,1 , and B 1,1 ), and with coefficients that are smooth on H mid sR X. Applying such an operator to e −t∆ mid ε yields a function that is I-smooth at all boundary hypersurfaces but B 0,1 and B 1,1 with the same index sets.
The same argument applies to β * L (ε 2 Π mid √ t ε S ε Π mid ) at B 0,1 , as it is made up of vector fields tangent to that face, but not to β * L (Π mid √ t ε S ε Π mid ) since it has coefficients singular at this face. However, we constructed the Taylor expansion of e −t∆ mid ε at B 0,1 so that it was valued in E 4 , and hence it follows from §2 that β * (Π mid and we define this to be − log det A.
Let us consider the Hodge Laplacian for sub-Riemannian limit metrics. First outside of middle degrees, p / ∈ {n, n + 1}, we have that
Tr(e −t∆ε − Π Ker ∆ε ) → 0 exponentially as t → ∞, at a rate independent of ε by [Rum00, Theorem 7.1]. Secondly, in this case a n = 0 since = 2, n = m, and a k (∆ ε ) = 0 for k odd. Finally the push-forward theorem for renormalized integrals [HMM95, page 128], [ARSb, Lemma 11.1] allows us to conclude from Theorem 5.1 that
where b p is the p-th Betti number of M, σ is a rescaled time-variable on B d,1 (H out sR X) (e.g., σ = √ t ε ) and A m+1 is, with notation from Theorem 1, the constant term in the expansion of the trace at B d,1 (H out sR X). Comparing with log det ∆ H we have, for forms of degree p / ∈ {n, n + 1}, FP ε=0 log det ∆ ε,p = log det ∆ H ,p + γa m+1 (∆ H ,p ) −
Next let us consider middle degree forms, p ∈ {n, n + 1}, starting with p = n. Arguing as above we find that − FP ε=0 log det ε −2 ∆ ε,n = −γb n + where σ, and σ are rescaled time variables (e.g., √ t ε and √ t ε 2 , respectively) and, with notation from Theorem 1, A m+1,n and B m+1,n are the constant terms in the local part of the expansion of the trace at B d,1 (H mid sR X) and B d,2 (H mid sR X), respectively. Recall (4.6), that we have Finally, let us discuss what this means for analytic torsion. The constructions above are essentially unchanged by allowing the Laplacians to act differential forms twisted by a flat bundle F −→ M. Let g F be a bundle metric on F. Our convention, following [RS71] , is to set log AT(M, g ε , F, g F ) = m p=0 (−1) p p ζ ∆ε,p (0). This is independent of the metric g ε , and in particular independent of ε, if the bundle F is acyclic 6 and its holonomy is orthogonal [Che79, M78] or unimodular [M93] . For flat bundles that are not acyclic we can remove the dependence on the metric by assigning to each basis where {ω q } denotes an orthonormal basis of harmonic forms and [µ q |ω q ] = | det W q | with W q the change-of-basis matrix satisfying µ q i = (W q ) j i ω q j . Note that, by e.g., [Rum00, Theorem 7.1], an orthonormal basis of harmonic forms for ε > 0 converges to an orthonormal basis of harmonic forms for the Rumin complex, so we only need to understand the asymptotics of log AT ε .
We start by noting that, for any ε > 0 and Re s > m/2, ζ ε −2 ∆ε (s) = 1 Γ(s) 
